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ABSTRACT. Consider a system of n stochastic differential equations
d¢ = b(£)dt + o(£)dw. Let M be a k-dimensional submanifold in R”, & <
n—1. For x € M, denote by d(x) the rank of oo* restricted to the linear
space of all normals to M at x. It is proved that if d(x) 2 2 for all x € M,
then £(t) does not hit M at finite time, given £(0) £ M, i.e., M is non-
attainable. The cases d(x) 2 1, d(x) 2 0 are also studied.

Introduction. It is well known that a Brownian motion in n-dimensions, 7 > 2,
does not hit a prescribed point x £ 0 with probability 1. This result was recently
extended by Bonami, Karoui, Roynette and Reinhard [1] to diffusion processes in
n-dimension, n > 2, provided the diffusion matrix is nondegenerate. In another
recent paper, Friedman and Pinsky [4] have proved that a diffusion process £(t)
does not hit a given closed domain Q, with probability 1, provided £(0) ¢ Q and
provided the “‘normal diffusion’’ and *‘normal drift’® vanish on 9.

The purpose of this paper is to prove general theorems of the form

(0.1) Px{{"(t) €M forsome t>0}=0 if x¢ M,

where £(t) is a diffusion process in R” and M is a manifold in R” of dimension
k, 0< k<n-1. The result in [1] mentioned above will follow as a special case
of one of the results (namely, Theorem 4.1) of the present paper.

When (0.1) holds we say that M is nonattainable by the process £(¢).

Denote by d(x) the rank of the diffusion matrix a(x) at x, x € M, when re-
stricted to the linear subspace formed by the normals to M at x. Our results
depend in a crucial manner on d(x).

In $1 we give some basic definitions and prove a lemma, which is helpful in
*‘localizing”’ the proof of nonattainability. In $2 we reduce the problem of estab-
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lishing (0.1) to the problem of finding a solution u of Lu < pu near M, which
“*blows up’’ on M; L is the elliptic operator of the diffusion process and p > 0.

In §3 we establish (0.1) in the case d > 3. Under somewhat stronger
assumptions we establish, in $4, the property (0.1) in case d > 2.

The cases d =1 and d = 0 are dealt with in $$5 and 6 respectively. Finally,
in $7, we consider the *'mixed”’ case where d = 0 on Myd=1 on IM; M is taken
to be an arc in R%. This case is motivated by applications to the Dirichlet prob-
lem for degenerate elliptic equations. Thus, it is shown in $7 how recent results
of Friedman and Pinsky [5] can be extended by using our result on the “‘mixed’’
case.

Results of the type (0.1) when n =1 and M consists of one point can be found
in the book of Gikhman and Skorokhod [6] and in [11. '

1. Basic definitions. A lemma. Let M be a k-dimensional C? manifold in R".
At each point x%e M, lee N¥+ix%) (1 < i< n-k) form a set of linearly indepen-
dent vectors in R” which are normal to M and x°.

Let a(x) be an 7 x n matrix, and consider the (n — k) x (n — k) matrix a =
(ai].) where

= (aGOINEHGO), NRHGO) U <dyj<n- k),

here (, ) denotes the scalar product in R,

Denote the rank of a by r | (x o). This number is clearly independent of the
choice of the particular set of normals Nk*’i(xo).

Definition. The rank of a(x) orthogonal to M at x° is the number r 169

If the manifold M has boundary dM, then we always take M to be ahélosed
set, i, M= MUIM=M. If x%e OM, then by a normal N to M at x° we mean a
vector N that is lim N(x), where x € int M, x — x° and N(x) is normal to M at x.
We now define r l(:co), for x% ¢ OM, in the same way as before.

Notice that M is also a manifold, and one can define r (¥ 0). Clearly,
P62 6O, (@0
(aM) M

Notice also that when M consists of just one point xo, r J_(xo) is the rank of
the matrix a(x o). M

Consider now a diffusion process governed by a system of » stochastic dif-

ferential equations

1.1) dE(t) = o E ) dw + bE (1)) dt;

o(x) is an 7 x 7 matrix (”ii("»’ b(x) is a column vector (b, (x),+**, b,_(x)), and
w(t) is an n-dimensional Brownian motion (wl(t), cee w(1)).
We assume:
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o(x) and b(x) satisfy, for all x € R",

la ()] + [6(x)] <€ + |x])  (C constant);
further, for any R > 0 there is a positive constant C g Such that lotx) - aly)| +
[6(x) - b)) < Cplx =yl if |x| <R, |y| <R.

Introduce the diffusion matrix a(x) = (ai].(x)):

(a)

alx) = %o(x)o*(x)  [0%(x) = transpose of a(x)],
and denote the rank of a(x) orthogonal to M at x by d(x), i.e.,

(1.2) () = r () for x e M

Definition. A closed set M in R" is nonattainable by the process &(t) if
(1.3) P1£(:) € M for some t> 0} =0 for each x ¢ M.

It will be shown later on that if d(x)>2forallx € M (Ma C? manifold) then
M is nonattainable. The same assertion is true in some cases when d(x) > 1
(but not always), provided » > 2. The interpretation of these results is that M is
*too thin’’ for £(¢) to hit it.

It will also be shown that when d(x) = 0 on M, then the assertion (1.3) is
still true provided the ‘‘normal drift” of £(t) vanishes on M. The interpretation
of this result is that M is an *‘obstacle’’ for the diffusion process £(t).

We conclude this section with a lemma that will be useful in reducing the
proof of the assertion (1.3) from a global manifold M to a local one.

Let % ¢ M. Then, in a neighborhood of xo, M can be represented in the form

.4 xg = [

o . . . .
where i varies over n - k of the indices 1, 2,---, 7, the coordinates of x" are
N . . . . . . . . o
x,n, andi" varies over the remaining indices. Suppose for simplicity that i
varies over k+1,+++, n, i.e., M is given locally by

1.5) "k+i=/k+i("1””’xk) Gi=1,eeeyn—k)

Introduce the mapping

yi=xi—x? (i=1,00.,k),

1.6)
Yiwi = %pai = NeeiFroeeeo %) li=1yeee,n k),

where x0 = (x;) EEEN xg). This is a diffeomorphism from a neighborhood V(xo)
of x° intoa neighborhood V¥ of 0 in the y-space. Denote by M* the image of
M NV(x%. Then M*is given by
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a.7) y;=0  G=1l,0ee, k) (y, 0eeesy) €4,

for some set A.
Consider the elliptic operator

Lu= i a, (X)

iy=1

Z b(x)

x ax i=1

and set v(y) = u(x). Then Lu(x)= L'v(y) where

LI‘U = i * (}’)

i,j=1 dy 9y

dv
b1y —
a.+§ a,

It is easily seen that a* (y) = (a(x)N"‘“(x), N®+7(x)) where

k+iks]

NEY(x) =V g, o)y g, () =%y = fo fxpsee e s xp)

Notice that if x € M N V(x°) then the N¥*+i(x) (1 < i< n - k) form a set of
linearly independent normal vectors to M at x. Hence

Nk eMnvEO.

1.8) d(x) = rank(akh e )i

By performing an affine transformation in the space of variables (y k127"
y,) we do not affect the manifold M* given by (1.7), except for a change in the
set A. At the same time, after performing such a transformation we can achieve

the conditions

1 if i=j=k+1,---,d(x0),
N NOE

0 for all other i,j (1<i,j<n-k),

%
where ah kej 2T€ the new @ik
Next, by an affine transfotmauon in the space of variables (y;,"**,y k) we
do not affect the manifold M*. At the same time we can achieve the additional
conditions
N n if i=j=1,000,d" (n>0),
(1.10) a, j(O) =

0 for all other i, j (1 <ij< k),

where 7 is any given positive number, d* is the rank of the matrix
(&’,.,.(0))?.].=l and 3'1..], are the new &‘i.j. Notice that d* can be any number >0
and < k.

Notation. Let B be any set in R” and let x € R”. The distance from x to B
will be denoted by d(x, B).
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Let M, =M NV(x %), Let W be a neighborhood of M,,. We shall be interested,
later on, in finding a function « satisfying:

@i Lu(x) < pu(x) if x € W\MV (p nonnegative constant),

ulx) — oo if x € WM, dlx, M) —0.

Suppose after performing the transformation (1.6) and the two affine transfor-
mations used above (to get (1.9), (1.10)), we can construct a function u'(x') sat-
isfying (1.11) in the new x'-variable and with the transformed L and M. Then the
function u(x) = u'(x') will satisfy (1.11). Consequently, in trying to prove the
existence of u(x) satisfying (1.11), we may, without loss of generality, assume
that M is given by

(1.12) X 4= 0eeeyx =0,

that %0 = 0, and that
1 lf i=i=1y""d(0)’

(1.13) akﬁ.kﬁ(o) =
0 for all other i,j; 1<i,j<n=-k,

77 ifi=j=l,"’,d*(7,>0)’
1.14) a; (0=

0 for all other i, j; 1< i, <k,

for some 0 < d*S k.

In the above arguments we have assumed the local representation (1.5). The
same arguments apply, of course, also in the general case where M has a local
representation of the form (1.4). We sum up:

Lemma 1.1. In order to find a function u satisfying (1.11), we may assume,
without loss of generality, that x%=0, that M is given by (1.12) and that (1.13),
(1.14) bold.

The following result can be obtained by slightly modifying the proof of
Lemma 1.1.

Lemma 1.1'. Let p be a given positive number. In order to find a function u
satisfying Lu(x)< - W/@d(x, M) if x € W\M, (u positive constant), u(x) — o if
X € W\MV’ d(x, MV) — 0, we may assume, without loss of generality, that x0 =

0, that M is given by (1.12) and that (1.13), (1.14) hold.

2. A fundamental lemma. A function v(x) is said to be piecewise continuous
in a region G of R™ if there is in G a finite number of c! hypersurfaces Sy,+++, S,
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and a finite number of c! manifolds of dimensions < n- 2, Visere, Vi,
such that:
(i) for any compact subset Go of G, v(x) is continuous and bounded on the
l b
set Go\(S U V)where S =UL S, v=U>_ v, and
(ii) v(x) (x € G\ s uv) tends to a limit from either side of each S
Notation. The gradient of v is denoted by D, v. The gradient of D v is
denoted by D v,

Let Q be an open set in R”. Denote by d{ the boundary of 2, and by  the
closure of ). Let

7 = exit time of £(¢) from Q.
Let K be a compact subset of Q. For any €> 0, let

={x € Q;dlx, K)< d, 126 = Ke\K'

Notice that K need not lie entirely in {, i.e., K N dQ may be nonempty. The fol-
lowing lemma will be fundamental for the subsequent developments.

Lemma 2.1. Let (A) hold. Let u be a continuously dz//’erentzable function
in K s for some €, > 0, and let Dzu be piecewise continuous in K . Denote by

Sy, S, the (n — 1)-dimensional manz/olds of discontinuity of Dzu and by Vis
.ee Vb tbe manifolds of discontinuity of D u of dimensions <n—-2. Let § =

U 1S p V= U}’ 1V Suppose

.1) Lu(x) < pulx) if x € f(; ANCRR%) (1 positive constant),
0

(2.2) ulx) — o if x € 1?(0’ d(x, K) — 0.

Then, for any x € O\ K,

2.3) Px{‘f(t) € K for some 0<t<r}=

This lemma was implicitly stated and proved in [3], [4] in the special case
where K is a point or a bounded closed domain, Q = R?, K = is replaced by R",
and z is twice continuously differentiable in R”\ K.

Proof. Let R, p be positive numbers; R will be arbitrarily large and p arbi-
trarily small. Set
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BR={x; Ix'(R}, Qp=fx e d(x, aQ)>p¥-.
R is such that KC Bp.
Fix a number €, 0< ¢, <¢;and let 0< €' <e< €.
Modify and extend u inside K, and outside K so as to obtain a function U

1
in Q satisfying:

U and D _U are continuous in Q;
(2.4) DiU is piecewise continuous in {;

U is positive in §.

Since (by (2.2)) u(x) is positive in some {-neighborhood of K, we can accomplish
(2.4) provided ¢, is sufficiently small.
Denote by 2 the set of discontinuities of D’zc U. Clearly, for any p, R,

ID Ul +|D2U| < Clp, R) if x € (@ \Kel) NBgp,p»* ¢35

@2.5) Pl2

U>clp,R) if x € (Qp/z\'(el) N By

where C(p, R), c(p, R) are positive constants depending on p, R, but independent
of ¢'. Since U=uin Ke \ K‘,, we conclude, upon using (2.1) and (2.5), that
1

(2.6) LU < p, gUG) i x € (@, ,,)\KJ) NBp 1y x ¢ 3,

where p o.R is a positive constant depending on p, R, but independent of ¢'.
Let p(x) be a C* function in R”, with support in the unit ball |x] < 1, such
that p(x)> 0, [ p(x)dx =1. For any A > 0, we introduce the mollifier U, (x)
R .

of U(x) defined by (cf. [2])
@D W= [ UG-y o) = WAMG/NL

We take A< p/2, A<e-€', x € Q,. Then Uy(x) is in C°°(Qp), and

(2.8) DU = | lymxlen D3V - 2306 = ).
Also,
2.9) DU == [ 1 DU - D yx = )y

If d(x, 2)> A then clearly
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(2.10) D2U, (x) = fly_x!q D2UGy) - p,(x = y)dy.

Suppose next that d(x, £)< A and £ Nly; |y - x| <A} consists of a hypersurface
§,. Then S divides ty; ly = x| <A} into two sets: §,yand S,,. Integrating by *
parts in (2.9) over §,, and S, separately, and using the continuity of DyU
across Sl’ we again get (2.10).

If 2 Nniy; |y - x| <Al consists of manifold V of dimension < n - 2, then we
surround V by an 7-neighborhood V,, and split the integral in (2.9) into a part I
integrated over {y; ly - x| <M nV_ and apart I,. In I, we integrate by parts

so as to obtain
1= f“’n D2UG) « py(c=y)dy + Op)y, Wy =lys ly = x| <Ayy £ Vi

Taking n — Jin I, + I, (2.10) follows.

Finally, the general case where d(x, 2)< A can be handled by combining
the above two special cases. Thus (2.10) holds in general.

From (2.7), (2.8), and (2.10) we obtain

LUN) - i, gUp) = | yxlen LUO) = 1o Uy = )dy.

Using (2.6), we get
@.11) LUV < 1, gU, G0 i x € @\K,) NB.

Let 1%=7, o = exit time of £(t) from (@ \K,) N By, and write, for simplic-
ity, p = Bo R By Itd’s formula, if x € (Qp\Kc) NBp, T>0, then

E_{e=H ATy, €GO A T - U,(x)
@.12) nr
—E, [T e B (L - U, €N ds.

Notice that &(s) € (Qp\Ke) NBLif 0<s< 7% A T. Hence, by (2.11), the integral
on the right-hand side is < 0. Taking A — 0 in (2.12) and using the fact that
U,(y) — U(y) uniformly in y € (Qp\Ke) N B, we get

E_le=H A O A T} - Ul < 0.

Since U > 0, this yields
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(2.13) Ex{e"-"‘('oAT)U(f A T))I{ < Ul

0
£ Ar)eaxf'pl
0 H o
where p=p, ps 7 =7, p s 0K€h0= 9K, N Qp, and JK_ is the boundary of K;
here I A is the indicator function of a set A.

Noting that UG’ A T)) inf ¢ nqu(y) if €6° A T) € 0K, , and taking
€ 9.
T — oo in (2.13), we get

0
-#f i f L]
@.14) EJte b ';g(r%eaxe’p}} < Ulx) / [yeg;< ennu(y)]

Suppose now that the assertion (2.3) is false. Then there exists a set G of
positive probability such that: if w € G then £(t, @) € K for some finite ¢ =
Yw) < 7(w). This implies that for all small ¢, say 0< €< e*, €Gr,w)e Qp NBp
if 0<'s<¢, for some small p >0 and large R,&(s, w) ¢ K if 0<s<t,and

f(tf, ) e K ¢ here t=t e(co) < t*(m), p and R are independent of € (but they
depend on w) and one can take, for instance, €= 6 where 6 is as above.
Setting p, = 1/m, R =m,

*
G,=Gn bpm'Rm'e( oo; f(rpm'Rm’c) € 0K€,pm for all 0<e< e}

we then have: G = U:;l Gm. Since Px(G) > 0, it follows that Px(Gm) > 0 for
some m. If we take p=p_,R=R_ in (2.14), and let ¢ — 0, we obtain, after
using (2.2),

Elexpl-p, g7, o JeIo 1 —0 if e —0.
x P m P m* m

This implies that for almost all w € G, »

(2.15) fpm'Rm"(w) — o0 if € =0,

But if w € G, thenr
Px(Gm) > 0. X

Remark. The above proof remains valid in case  is continuous in K

o R ‘(m)g tw) < o0, which contradicts (2.15), since
m' " m’

¢ and
has two strong derivatives in L2(A) for any compact subset A of R€ , (2.1% holds
almost everywhere, and (2.2) holds. Indeed, the assertions (2.8), (2?1 0) are then
valid by definition of strong derivatives (see [2]), and the rest of the proof is
essentially the same.

3. The case d(x)> 3. When we speak of a manifold M with boundary oM, it
is always assumed that M is a closed set, i.e., IMC M,

Theorem 3.1. Let M be a k-dimensional C? submanifold of R” (0 <k<n-1)
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with C? boundary OM (M may be empty), and let (A) hold. Suppose d(x)>3 for
each x € M. Then (1.3) bolds, i.e., M is nonattainable.

Proof. If the assertion is not true then for some x ¢ M there is a point
x% € M such that, for any 6, > 0,

(3.1) Px{f(t) EMNn Bso for some t> 0}>0

where By is the closed ball with center x° and radius & o

Consider first the case where x° ¢ OM. We want to apply Lemma 2.1 with
Q=R"”, K=Mn Bg . Thus we wish to construct a function  in a d-neighbor-

0
hood W8 of K such that

5.2) Lu(x) < pulx) if x € WS\K (x> 0),

u(x) =00 if x € WS\K, d(x, K) — 0,
In view of Lemma 1.1, we may assume that x° = 0,
(3.3) K={x;xk+l=0,-..,xn=0, (xl,---,xk)eAf

and that the ai].(x) satisfy (1.13), (1.14) with a given arbitrarily small > 0,
Further, since 8 can be taken arbitrarily small, we may assume that A is a k-

dimensional cube, say

(B4) A=A =llr,eee,x); ~e<x, <efor i=lyeee, k)

and ¢ is sufficiently small. We shall determine later on how small € and 7 are
going to be. Also & can be taken arbitrarily small.

Set x = (x', x") where x' = (eqateey xy)s x"= (xk+1""’ x ), and let 7=
r(x) = [x"l. Thus 7(x) is the distance from x to K provided x'e As‘

Let

3.5 ulx) = p() = log r~! if x € WS\K, PR &
Then By = xi/rz, ”xlx.='8i,'/’2 + 2(xl.x]./r2) if k+1<4i,j<n, and u"i"j =
0 otherwise. Hence, if d = d(0),
2 L2
2 () 3214 d 2xk+l+...+xk+d 1
> Dpti k4i\0 5 -3t 1 -5
i=1 T r r r

sinced>3. f i=j>dorifi#j, k+1<i, j<n,then
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0%y
ak+i,k+j(x) —_a P |2, 1 2e,5) = 24y ka0 a
*e+i% k4j %40 e
< Clx|/r* < CB + &/r?
where C is a generic constant. Also
C(5 +e | .
[ale-n k+1(x) Pt k+1(0)] if 1< 1< d.
k+z

Noting also that a;u = 0if either 1< i< korl<;j<k,and that Ibiux | <

]

x . X,

Clu, | < C/r, we conclude that
1

Lu< L ,CO+d 1 if xeW\K, ' €4,
- 2 2 2
r r 2r

provided & + €< 1/(2C).
We next extend the definition of u(x) to the set of points ', x")in WS\K
where x'¢ A_. We begin with the subset where

(3.6) x; > € —egxige if 2<i<k

Let = rl(x) = {(:c1 -+ |x”12}1/2 ifx € WS\K, x' satisfies (3.6). Thus
rl(x) is the distance from x to K. Define u(x) = log l/r1 if x € WS\K and x'
satisfies (3.6).

Denote by L'the operator L when a,,(x) and the CIPO CONT RPN C)

(1 < i< d) are replaced by 0. Then, by the same calculation as before,

(3.7) L'u(x) < - 1/2r§.

Since a,,(0)=17,a, (x)<7+C@ +¢)if x € Wy. Recalling that a(x) is a positive

semidefinite matrix, we also have

la) N < Vay () Va, ) <Clp+ 8+ V2 (v e Ws)e

Since |9? u/ax ox | < 3/rl, we conclude that |Lu - L'u| < 6nC(p+ & + e)l/z/r

(x € Ws, x' sansfxes (3.6)). Combining this with (3.7) and takmg 7 (and 6, €) to

be sufficiently small we get Lu(x)< - 1/3r ifxew \K x' satisfies (3.6).
Notice that 7 and 'l agree with their fxtst derivatives on the set where

%, = & Hence the function «(x) constructed so far is continuously differentiable,

and Dzu is piecewise continuous.

Sxmxlarly we extend the definition of u(x) to each of the subsets M, N;
(A <i<k)of WS\K given by
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={x €Ws\K, x, > —e<x . <eif 1<j<kj# il
=lx €WK, x, < - < x S if 1<j<hyjd il

Next we extend the definiticn of u(x) to the subset I" of W S\K where %, >6
x,>€ Introducing

r10) = {le; — % + (x, — &% + |x"|2}1/2,

we define u(x)= log(1/r,,(x)). Again we have (if 7, 8, € are sufficiently small)
Lu< - C/('lz) for some positive constant c. Notice that the functions riz, f
and thexr first derivatives agree on the set x, = €. Similarly the functions ’52
and r2 =(x, - ) + |x"|? and their first derivatives agree on the set X, =€
Hence, the funcuon u(x) constructed so far is continuously differentiable, and
D:u is piecewise continuous.

We extend the definition of u, in a similar manner, to the subsets of W 3\ K
defined by x; > € x]. > €, or x; > € x; < - ¢ or X, < - ¢ X < - ¢ for some
i#j,1<i,j< k. Then we proceed to define u(x) on sets determined
by three inequalities, i.e., x,>€orx, <~¢ xl>eorx’<-e, x, >eor x, <—¢; etc, The
resultmg function u(x) is contmuously differentiable in the entire set W \K
D u is piecewise continuous, and Lu(x)< O at all the points of W \K where
Dxu exists. Finally, it is clear that u(x) — = if x € WS\K, d(x, K) — 0.

Having constructed u which satisfies (3.2) in the special case where (3.3)
and (1.13), (1.14) hold, we appeal to Lemma 1.1 in order to conclude the existence
of a continuously differentiable function u, with D:u piecewise continuous, which
satisfies (3.2) in the general case where K= M N BSO. Applying Lemma 2.1, it

follows that

PI£(1) € K for some t>0}=0 forany x ¢ K.

This, however, contradicts (3.1).
We have assumed so far that x° ¢ OM. If x° € OM then the proof is similar.
The set A, is simply replaced by its intersection with the half space x, >0

4. The case d(x) > 2. We first consider the case where M consists of one

point xo. The number d(xo) now means the rank of the matrix a(xo).

Theorem 4.1. Let (A) hold and let d(x°)> 2. Then
4.1) P = 0 for some >0 =0 forany x £ x°.
Proof. We may take x%= 0. We wish to construct a function « such that

4.2) Lu(x)< 0 if 0< |x|< ¥,
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4.3) u(x)—>oo if |x| — 0,
where 8 is a sufficiently small positive number, and u(x) is in C2 for 0< |x| < 8.
In view of Lemma 2.1, this will complete the proof of (4.1).

Because of Lemma 1.1, we may assume, without loss of generality, that
4.4) aii(0)=l if i=1yeee,d,
aii(0)=0 if i=j>d or if i#]j.
We shall take u(x)= ¢(r) where r = |x| and where ¢(r) is defined by
4.5) $ ==, $0)= o,

for some constant §, 0< @< 1. Since (4.3) clearly holds, it remains to verify
(4.2). Now,

2 4 4

*i e _ % NPl Bialat A B0
b T 4 T

- 2 2 2 2

——2-= - +2 - r
=1 axx. | 72 A A
- 2 2 2 2
Kgaptree kX, Xpteeedxg ol 6, 0
< | -2 3 - Z r e 5-7
< ; ; ,

e

if < 1. On the other hand,

1 _C
|la,(x) - ai’.(O)]uxlin < C|x|:2- <=

bk, | < Cla, | < T
1 1

Recalling (4.4) , we conclude that Lu< - %% 4 C/r<0if 0<r<8anddis
sufficiently small. This completes the proof of (4.2) and thereby also the proof
of Theorem 4.1.

We shall now consider the case of a general manifold M (without boundary).
By Lemma 1.1, for any x% € M there is a suitable diffeomorphism of a neighbor-
hood W of x° such that in the new coordinates W N M has the form

(4.6) Xk+l=o,000,xn=0, xf+-~-+xi§32 (1'0:0)

and a(x) satisfies (1.13), (1.14). Set x = (x',x"), x'= (x,*+, x,), x"=
CRRTETIRE) aM‘(x')= ak+x.k+“(x', 0) A <A, p<n—-k)
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Denote by o(x') the (n - k) x (n - k) matrix (@, (x ). ¥ d(x®) =2 and
n— k> 2, we introduce the (n - k) x (n - k) symmetnc matrix ao(x )= (OL (x )
(e > 0), where

n-k
af ) =a) == F ayl), ad&)=0,

A=3
afj(x') =-2a, ("), ag].(x') =-20, (') B<j<n=k)
a,()=2-eB<i<n-k)y o (N=0B<i<j<n—kifjh

We shall require the condition:

If d(xo) =2 and n - k > 2, then, for some € > 0,

N o) the matrix ag(x') is positive semidefinite for all
x
|x'| sufficiently small.

Definition. Let »— %> 2. I at each point x% € M where d(x®) = 2 the con-
dition (N o) holds, then we say that the condition (N) is satisfied.

Recall that a(x') is positive semidefinite. Hence a <aga.. It follows
ii
that, for any €'> 0, |a, (x N<A+e )\/a (' )1f1<z<2 3<7<n. It is easily

seen that if, for some 0<0< 1/2, Ia (x |<0\]a (! )if1<i<2,3<j<m,for
all |x'| sufficiently small, then the matux o, Ox* ) 1s positive definite, for some
€> 0, provided |x'| is sufficiently small; hence (N ,) follows in this case.

If n - k=3, the positivity of a(x') implies, foJ: any €'> 0, that afs(x') +
a3, (x")< (1 + €')a, ,(x') provided |x'| is sufficiently small. If al (<")+
a§3(x')5 (% - €)a,,(x") for some €; > 0, then af(x') is positive definite for
some ¢ > 0, provided |x'| is sufficiently small; hence (N ,) follows in this case.

x

Theorem 4.2. Let M be a k-dimensional C* submanifold of R" (0<k<n-1),
and let (A) hold. Assume also that a(x) is twice continuously differentiable in
a neighborbood of M. If d(x)> 2 and if either n~ k = 2 or (N) holds, then (1.3)
is satisfied, i.e., M is nonattainable.

Proof. Consider first the case where M is bounded. Let x® € Mand let B s

be a closed ball with center x° and radius 8. We wish to construct a function «
in BS\M such that

(4.7) Lulx) < -cldlx, M)P=2 i x € B;\M (c>0,0<0<1),
(4.8) D, u(x)]| < C/dl(x, M) if x € B)\M,

(4.9 ulx) — oo if x € By\M, d(x, M) — 0,
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We first consider the case where x° = 0, Bs NM is given by (4.6), and
(when n - & > 3) (N ;) holds. If d =d(0) >3 then we can construct « as in the
5§
proof of Theorem 3.1 (even with § = 0). We shall therefore consider only the case
d=2.
Let m=n—-k,x"= (pe10°°*» %)= (54, y,,) and introduce the distance

function

i,j=1

1/2
r(x) = ; 2 b (x )y y 2 , bi]'(x') = bii(x'),

where the bi,.(x') are still to be determined, and bii(o) = 8:‘;" Let ¢(r) be the
function defined by (4.5). We wish to determine the bl.j(x') in such a way that
the function u(x)= ¢(r(x)) satisfies (4.7)—(4.9), provided 6 is sufficiently small.

Clearly,
m
S L5 by )er 78,
ayA r2 =1 iNi

6/ m m
r ) r /0
‘_4(.2 bix")(.z biﬂyi)] ¢
r i=1 j=1
Hence,

3 axnﬁt:[ Za"“b"“+— > %(i 'Ay)<f=zm‘ib )

A.ﬂ:l T X,Ua" ’ T A =1 =

(4.10) 0 m m 56
T MLZ= am(z by )(é b].#y].)]e

One is tempted to solve the system

Z a)‘ i /ibtk _2(0. (0) 8 )
1

’/'L— AIILLz

in a neighborhood of x'= 0, by; =8, in the form b, = bii(x'). Unfortunately,
the Jacobian vanishes at the point where x'= 0, bl.]. = 8:‘;“ We therefore proceed
differently. We define b, = a,,, byy =5 by, ==0ayy, b,.]. =1if3<j<m,
bj=0if1<i<j,j>3,i#j. Set A= 2T 43\ incase m >3, One can easily
check that Fl.].= Oif m=2and 1<i<j<2. If m>2, then
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Fiy=0a)4, Fyy=ap4, F,=-0,,4,

Fl, = 2a TR Zalzaz Y Fz,- =-2a“a2j+ 2a12ali 3 <j<m),

m

Z b 2 =2+0(«')) if 3<j<m,

F=-20, if3<i<j<m, i#j.

L

Suppose m > 3. Using the condition (N O) we find that
x

m
> F" 0(y3 --»+y’2n) for some 6, >0,

i,=1

provided & is sufficiently small. Using this in (4.10), and noting that

-2 %y i by f byl = )' )’2 + Z o(|«’ D)’)’ >
A B= =1 j=l

i,j=1

2 2 2 2
m , aZu Yyt ty, eY1%72 , 70 %0
> a“‘(" ) <1-9, -r X + 0(|x"]) > e

9
S[ I)’l O(Ix l) ] /95_;_00

provided &8 is sufficiently small. The final inequality is valid (by dbvious modi-

NI

T

fications in the proof) also when m = 2.
Next, if 1<, h<k,1<i<m,

2 2
I o), Lo, F__ow), 2 _ow
a" 0x 9%, 0y Ox 9%
Hence,
2 2
au 0(1), a u - 0(1), a _ O(l) , a u (1) .
axl x Ox, J9 r Ox Ox
Further,
cC C
la (', x") - a (', 0)] <Cl"|—== =.
I 22 W AN ktA ktu axk,f»kaxkﬂ.l. 2 r

From (4.11) and the subsequent estimates it follows that
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Lu<-%6, Prisch <=~ cPh? (c>0)

provided & is sufficiently small. Thus (4.7) has been established. The asser-
tions (4.8), (4.9) obviously hold.

Having established (4.7)~(4.9) in the special coordinates where By N M is
given by (4.6) and (1.13) holds, we can now return to the original coordinates,
and conclude (cf. Lemma 1.1"):

For evety y € M there is a ball B(y, 6 )thh center y and radius 8 and a
C? function »”(x) defined in B(y, 8 )\M such that

(4.12) Lu? < -cldle, M)~ if x € B(y, 8 )\M (c > 0),
(4.13) D, ()| < C/dlx, M) if x € Bly, 5 )\M,

(4.14) W) = oo if x € Bly, 5 )\M, dlx, M) — 0,

Cover a small neighborhood W of M by a finite number of balls B(y, § )
Denote these balls by B, = B(y 8 ) and the corresponding functions uy (x) by
u (x), 1<i<L

Let {{i} be a partition of unity subordinate to the covering {B}, and set
Ciui if x€ Bi\M’
ufx) =
0 if x ¢ Bi‘
Since {i = 0 outside Bi, ui(x) is in CZ(W\M). Further, by (4.12), (4.13),

Lu, < ¢ Lu' + C/d(x, M) <= o(dx, MNO=2 4 C/dlx, M)

ifxe Bi\M. Setting u = 2£=1"i’ we get

2-6 C
Lu<-c§ ¢ (d(x, M) o <0

if x € W\Mand c(@(x, M)~ %< 1/C, since 3¢,=1onW.

From (4.14) we also have u(x)= 21_1§ (x)u '(x) — oo if x € W\ M, d(x, M)—
0. An application of Lemma 2.1 with Q = R”, K= M now yields the assertion of
Theorem 4.2, in case M is a bounded set. ,

Consider next the case where the set M is unbounded. We modify the above
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construction of z. Thus, instead of a finite covering of M by balls B;, we now
use a countable (but locally finite) covering. Further, the radii of the B, may
decrease to 0 as i — %, However, there is still a neighborhood W of M such that
Lu(x)< 0ifx € W\M, u(x) — oo if x € W\M, d(x, M) — J; the last relation holds
uniformly in x in bounded subsets. The “‘thickness’’ of w\M may go to zero
at oo,

Now, if the assertion (1.3) is false, then there is an event G with P_(G) >0
such that, if @ € G, &(¢, @) € M for some ¢ =2, < . Introduce the balls B =

ty; ly| < m}, m a positive integer, and the events
G =loeG G weB if 0<1<t,}

Clearly G = U:gle. Hence there is an m for which Px(Gm) > 0. But this con-
tradicts Lemma 2.1 in the case where K=M N B, ; Q= B,

Remark. Let M be a manifold with boundary. Suppose that d(x) > 3 if x € M
and d(x)> 2 and (whenn -k > 3) (Nx) holds for each x € M. Then M is non-
attainable. Indeed, if x% € OM then we can construct a function satisfying (4.12-
(4.14) by the proof of Theorem 3.1. If x%e M\ OM, then we can construct u
satisfying (4.12)~(4.14) as in the proof of Theorem 4.2. Now use partition of
unity (as in the proof of Theorem 4.2) in order to complete the proof.

5. M consists of one point and d = 1. We shall consider primarily the case
where M consists of one point xo, and x%= 0. We begin, for simplicity, with the
case n =2, Without loss of generality we may take a,,(0, 0)>0, a,,(0, 0)= 0.
Since ay,(x, y)> 0, we conclude that dz,, /dx =0, aazz/ay = 0 at the origin.
Hence, if a,,(%, y)is in C? in a neighborhood of the origin, a,,(x, y)= o¢?)

2+ y2. From the inequality la,,| < Va,| Va,, we see that

where 2oy
alZ(O, 0)= 0. Hence, if alz(x, y) is continuously differentiable and azz(x, x) is

twice continuously differentiable in a neighborhood of the origin, then

A+ of1) Mx + Ny + o(r)
s, A>0,

(5.1) alx,y)= (
Mx + Ny + o(r) Bx” + Cxy + Dy + o(r?)

as 7 — 0. Since the matrix a(x, y) is positive semidefinite, B> 0, D > 0, M? <
AB, C? < 4BD.
We shall assume:

(5.2) B> 0,
and |C|, |M| are “*sufficiently small,” so that for some p >1,¢>1,p'>1,

q'>1,p,>1,9,>1, where 1/p+1/g=1, 1/p'+1/q'=1, 1/py+1/4,=1, and
for some A > 0, the following inequalities hold.
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(5.3) [CINp + 2|M|/p’ < BA,
(5.4) \cl/q < D,

(5.5) IMIA/¢' < 24,
(5.6) 4MN/q,+ 24 < BA,
(5.7) 4|M|/p, + BA < 6A.

Finally, we assume:

(5.8) If D=0, then azz(x, y) = Bx2(1 + o1)).

Notice that if |M| is sufficiently small so that 4|M|/g, < B, 2|M|/p, < 3A and

, 24 < 234 - 2{M|/p)

a' = a”
B - 4[M|/q, B ’

then any A satisfying a' < A < a” also satisfies (5.6), (5.7).
Regarding the b, we require that 5,(0, 0) = 0. Hence, if b,(x, y) is con-
tinuously differentiable in a neighborhood of the origin, then

5.9) bz(x, y) = Ci¥+cyy+ ofr).

Theorem 5.1. Let (5.1)-(5.9) hold. Then, for any (x, y)# (0, 0),
(5.10) P(x'y){ €)= 0 for some ¢t> 0} = 0.

Proof. Let R(x, y)=x*+ ;m.'Zy2 +Ay? where A is a positive number satisfy-
ing (5.3)-(5.7), and p is a positive constant to be determined later on. We shall
find a function z = ®(R) such that, for some small y > 0,

(5.11) LO(R)< 0 if 0<R<y,

(5.12) ®(R) =0 if R— 0.
By Lemma 2.1, this will complete the proof of the theorem.

We can write Lu in the form Lu=a®"(R) + BCD'(R ). If we show that
(5.13) a>0, B>a/R,

(5.14) ®"(R)+®'(R/R=0, ®'((R)<O,

then (5.11) follows. A solution of (5.14) is given by ®(R) = log(1/R). With this
®(R), (5.12) is also satisfied. Thus, it remains to verify (5.13).

We shall use the following notation: if E is a constant then E is a function
of the form E(l + o(1)).
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Now, by direct calculation one finds that
a = 16Ax% + 4BA2x%y? + 4DA2%y* & 4C\7xy? 4 8M)\x4y,
BR = (124 + 2BM)x® + (124X + 280 ?y? + (DA + 2AMp + 20 A7)y
+2C0%xy3 &+ 2c1)\2xy3.
Using the inequalities
by | <x?y?/p+ y¥/q, =ty <=%y?/p' + 554

and (5.3)~(5.5), we find that a > 0 (if D = 0 we use also (5.8)).
In order to show that BR >a, we use the inequalities

Iyl < mely? o+ y¥/dn, ety < 2%y pg+ x%/q,,
in both a and BR. We then obtain the inequality
BR -a> )‘;IxG + yzxzyz + 93)’4 (9, = yi(l + o(l)»'

By (5.6), Y1 > 0, and by (5.7), Y, > 0 provided 7 is sufficiently small. SincAe ©
does not appear in y,s ¥,» and since it appears only in the additive term 24A
of y,, We can choose p so large that Y3 > 0. It follows that BR > a, We have
thus completed the proof of (5.13).

Remark 1. When n=1 and d(xo) =1 then a(xo) is nondegenerate (i.e.,
o(xo) # 0), and (by [6], for instance)

Pxif(t)=xo for some t >0 —1 if x —x%

Remark 2. The condition (5.2) is essential for the validity of the assertion
of Theorem 5.1. Consider, for example, the system

) =dw, df,=0¢,§)aw,,

where o(x , 0)=0. If (rfl(o), fz(o))= (@, 0), then the solution is fl(t) =a+
w, (), fz(t)= 0. Hence

P(a,,o)”f(t)l =0 for some ¢t >0} =1,

Remark 3. A quick review of the proof of (5.13) shows that we have actually
proved also that 8> (1 + 8)a/R for some sufficiently small § > 0. Hence we can
take in the above proof ®(R)=1/R s,

Consider now the case n > 2. Without loss of generality we may assume that
a,(0)>0,a (0)=0if2<i<n If a,(x) 2<i<n)is inC? in a neighborhood
of 0then a,(x)= 0(]x|?). It follows that a, (x)= o(|x|), dii(x)= 0(|x]%)
2<i,j<n).
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Setting Yi=%in (1<j<n-1), m=n-1, and assuming that the a, are in

c?ina neighborhood of the origin, we then have:
a I=A+o(l),A>0,
Z .
ay; = Ml;c1 + E M;’Iyl +olr) 2<j<n),

(5.15) . N 2
a, = B’xf + lg:l Cipryp+ l§-1 D, pypp+olr?) (2<j<n),

m
a,; _Euxl + E E;Fy+ 1?1 E. lkylyk+°(' ) 2<i,j<n)

We shall assume:

n
(5.16) ; B,> 0,
4
G.17) Z (0 i Ik 1] 11 lk)ylykyiyi 2 clyl (c>0),
1 skoisg '
(5.18) lC;‘ll’ IM’.I, IEI.,.I, IEi;‘,kl are sufficiently small.

Notice that the left-hand side of (5.17) is always > 0. In case (5.17) does

not hold, we shall have to impose further restrictions.

If ¢ =0 in (5.17) then C =0, E, ;j.p = 0 and the terms o(r), o(r?)
(5.19) occurring in a;, a,. (in (5 15)) are replaced by ol|x,|) and o(xZ)
respectively.

Theorem 5.2. Let (5.15), (5.16) hold. Assume also that either (5.17), (5.18),
hold, or (5.19) holds and the IMil, |E1.].| are sufficiently small. Then,

(5.20) Pi£(t)=0 for some t>0}=0 if x#0.

The proof is similar to the proof of Theotem 5.1. We now take u = ®(R) with
® as before, but with

m m
4 2.2 2,
R(x)=x1+ﬂ.2x1)’i+hz y",
=1 j=1

A is a suitable positive number and p is a sufficiently large positive number.
Theorems 5.1, 5.2 can be extended to manifolds M of special form. As a
trivial example, take » = 3, M the z-axis, and a for 1 < i,j<2 as in Theorem
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5.1. Then d =1 along M, and M is nonattainable. The proof uses the same func-
tion z = ®(R) as in the proof of Theorem 5.1.

6. The case d(x)= 0. The following theorem was proved by Friedman and
Pinsky [4].

Theorem 6.1. Let G be a closed bounded domain in R™ with C3 boundary M,
and denote by v = (vy,***, vn) the outward normal to G at M. Let (A) hold, and

assume that

6.1) Zavv—o on M,
i,j=1
| i
: >0 on M,
€2 (b V>+,§ “igeam = 7

where p(x) = dist(x, M) if x ¢ intG. Then, for any x ¢ G,
6.3) Px{ff(t) €M for some t> 0} =

If the inequality in (6.2) is reversed at one point x, of M, then the assertion
(6.3) is false; in fact (cf. [4]),

Px{f(t)éM for some t>0} =1 if x¢G, x — x°,

Notice that the condition (6.1) means that d(x)= 0 along M.
We also note (see [4]) that, when the a;i belong to C lina neighborhood of
M, the condition (6.2) is equivalent to:

6.4) 3 o % 0 on M
(6. El '-Eé—x-]—) v;>0on M

The proof of Theorem 6.1 follows by producing a function u satisfying Lu <
pLuina &~neighborhood of M, G= R"\G, k>0, u(x) » o if x € 6, p(x) — 0.
Such a function is

6.5) ulx) = 1/(p(x))¢ for any €> 0.

Suppose now that G is a bounded, closed and convex domain, with piecewise
c? boundary. Thus each point x of the boundary M lies on a finite number of C3
(n - 1)-dimensional submanifolds of M, say M, ,***, i . Their intersection is
a k-dimensional C> manifold through x (k=n- s) DenOte by N, the (n - k)-

dimensional space of the normals to this submanifold at x.
The function D, p(x) is continuous. On the other hand, sz(x) is piecewise
continuous; denote by = the set of its discontinuities.
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Theorem 6.1 extends to the present case provided (6.1) holds for any x € M,
v € N, and provided (6.2) is replaced by

n J n 62
(6.6) lim — [Z b(y) 5y—i-p(y) + ) al.,.(y) 3 3y, p(y)] >-—

y—x ply) ij=1 9;

(y ¢ G UZ, C positive constant).
Notice that condition (6.1) for all v € N, can be interpreted as dMJ‘(x)= 0,

when the notion of 4 | is extended in a natural way to the case of a piecewise

smooth manifold.

When dim N, = n, the conditions (6.1) forall ve N, and (6.6) reduce to
o(x)=0, b(x)= 0.,

Suppose next that M is a piecewise C 3 bounded submanifold in R", of any
dimension k£ (1 < k< n-1), with piecewise C 3 boundary dM. We can still extend
Theorem 6.1 (taking u(x) = 1/(d(x, M))%, € > 0) provided the following conditions
hold:

(i) d(x, M) is contmuously differentiable and its second denvauve is piece=
wise continuous, in some M-nexghborhood of M; M= R"\M denote by Z the set
of discontinuities of Dxd(x, M) in M.

(ii) For any x € int M, (6.1) holds for all v € N, (N_ is the space of normals
to M at x), and

6.7) lim —)[Z b(y)——-d(y, M) + i a, (y)

y—x dly, M)| 21 iyj=1 )',

d(ya M)] >~C

ygMu i, C positive constant) uniformly with respect to x.
(iii) For any x € dM, (6.1) holds for all v normal to dM at x, and (6.7) holds.

Remark 1. In [4], Theorem 6.1 was extended to G convex with piecewise C 3
boundary under the assumption that a; € c2. Using Lemma 2.1, we see that this
assumption is not needed.

Remark 2. In the proof of Lemma 1.1, we had to use Ité’s formula for a C !
function # with piecewise continuous second derivatives, satisfying Lu < pu. We
extended u into U and mollified U into U,; then applied ItG’s formula to U,, and
finally let A — 0. The same procedure can be carried out in the proof of Theorem
2.2 in [4). This simplifies that proof and also enables us to eliminate the
restriction (D) (made in that theorem).

7. Mlxed case: an application to the Dirichlet problem. Set d(x)=r | (x),
M

d'(x)=r )l(x). We shall consider the case where n = 2, M is an arc, and
(oM

7.1) dx)=0 if xeM, dx)=1 if xec M
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One can also consider, by the same method, other mixed cases. The motivation
for studying the particular case (7.1) arises from an application to the Dirichlet
problem; this will be considered later on.
The idea for handling the mixed case (7.1) is to form two functions, ; and
Uy, such that:
() u, is a function constructed for the case d(x) =0 (in §6);
(i) u, is a function constructed for the case d'(x)=1 (in $5);
(iii) u, and u, fit together in a continuously differentiable manner.

For simplicity we shall deal primarily with the case:
(7.2) M={(xl,x2); x, =0, 0§x2_<_ﬁ$.

The case of a general arc M follows by first performing a local diffeomorphism,
mapping the arc onto a linear segment as in (7.2).

Let () be a bounded closed domain lying in the half-plane x, >0, with
boundary 9,Q U 3,Q, where 9,Q=1(x,, x,); -a <x, <a,x, = 0} and 9,Q lies
in the half-plane x, > 0. We assume that M C (1.

The stochastic differential system is

2
(7.3) df, = sz=:1 0, E)dw _+b&)dr  (i=1,2).
Denote by 7 the exit time from (). In view of the application for the Dirichlet
problem, we are interested in the process £(t) only as long as ¢t < 7. Thus, we
would like to prove that M is nonattainable in time <7, i.e.,

(7.4) Px{f (t) € M for some t<r}=0 if xe€ O\M.

First we assume that (6.1), (6.4) hold with respect to both sides of M, i.e.,
if a=00%2 then

(7.5) a“(O, xz) =0 for 0<x,< B,

da, (0,x) da, (0, x.)
7.6) b,(0, %,) - 11 2’ % 2

=0 if 0<x,<P-

axl Ox )

If the point (0, B) lies on the boundary of €2, then (7.4) follows from the
proof of Theorem 6.1 (when slightly modified). Recall that we apply here Lemma
2.1 with any function

7.7 ulx) = c/(xf)6 (c>0, ¢>0).

In applications, however, 8 may be small, so that

(7.8) (0, B) € int Q.
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We shall henceforth assume that (7.8) holds, and that not all the a..].(O, B)
(1 <i,j<2) vanish. (If they all vanish then (7.4) again follows from the results
of $6.)

Assuming the a . to be in C? in a neighborhood of (0, B), and recalling
(7.5), we then have:

Bxf + CJtl(:c2 -B)+ D(x2 - B)Z + o(r?) Mx, + N(x2 -B) +olr)
a(xl, xz) = »
(7.9) \ Mxl + N(Xz - ﬁ) + o(r) A + 0(1)
A>0,
where 7% = xf +(x, - B)?. We shall require (cf. (5.9)) that
(7.10) bl(xl, x2) =c.x, + cz(xz - B) + olr).

From (7.10), (7.6) it follows that N = 0 in (7.9). We finally require that
either

(7.11) D>0, B> 0, |C| is sufficiently small,
or
(7.12) D>0,B=0,C=0, and a,,(x,x,)= Bx2(1 + o(1)).

Consider the function
(7.13) ulx) = /RGN 6> 0),

where R(x) = (x, - B+ pix, - B)fo + z\xf By Remark 3 at the end of the proof
of Theorem 5.1, Lu< 0 if 0< xf +(x, - B)? < €, for some €, > 0, provided J is
sufficiently small; here g, A are suitable positive constants.

Note that the function
R(X) if %y > B’
d(x) =
A?oif x, < B

is C! and piecewise C2. Recalling (7.7), (7.13), we conclude that the function
u(x) = 1/dx))’ is ¢! and piecewise C? in Q\M, and Lu < Ofor x in @\M)-
neighborhood of M, x, £Bsulx) > ooif x € o\ M, d(x, M) — 0. Hence, by Lemma
2.1, (7.4) holds. We sum up:

Theorem 7.1. Let (7.5), (7.6), (7.9), (7.10) hold, and let (7.11) or (7.12) hold.
Then (7.4) is satisfied.

An application. In [5] Friedman and Pinsky have considered the Dirichlet
problem for n = 2,
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Lu = 0 in a bounded domain G,

u=fon VX,

k) o ff if x> p, xeN] (1<i<)),
ux) >f7 if x> p, xeN; Q<i<ly

{ is a given continuous function, and the f}, /7 are given numbers. Here 23 is
the part of the boundary where p) a,v;v; > 0; 22 is the part where (6.1) holds

and

2 2 Oa,
> i > -g’ v,>0 (v outward normal)

i=1 j=1 i

and 23 is the remaining boundary. The points p, lie in £,, N} "N =&, and
the closure of N} UN] constitutes a G-neighborhood of p; The open sets N1,
N7 have a common boundary Ai. The location of the points p; can be deter-
mined explicitly from the @y b;. One of the assumptions made in [5]is that
there is a curve Ai' initiating at p; and terminating on the boundary of G, such
that Ai is an extension of A, and such that the conditions (6.1), (6.2) (with
n = 2) hold along A, from both sides of it. The curve A is called a ‘‘boundary
spoke”. The rank of a(x)for any x € A, NG is 1.

The existence of such a curve Ai was assumed in order to assert that £(2)
does not cross A, if ¢ is sufficiently large, and ¢ <7.

Using Theorem 7.1, we can now replace the assumption regarding the
““boundary spoke”’ Ai by Elxe following set of assumptions:

(a) There is a curve Ai initiating at by containing Ai and lying in G
(except for its initial point p ); denote its end point by g ~

(b) The conditions (6.1), (6.2) (with n = 2) hold along Ai, from both sides
of it.

(c) The conditions “*analogous’’ to (7.9), (7.10) and either (7.11) or (7.12)
hold.

By the ‘‘analogous’’ conditions we mean the followmg

Petform a local diffeomorphism in a neighborhood W of A whxch maps A
onto the line segment (7.2)and W N dG onto a segment f(xl, 0), -a<x, < a}
Then, the transformed a » b; satisfy (7.9), (7.10) and either (7.11) or (7. 12)

We sum up:

The **long” *‘boundary spoke’ A, going [rom p; to the boundary of G can
be replaced by a “'short’’ “‘boundary spoke” A, going from p, to a point q, in G,
provided the condition (c) is satisfied at q;
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